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ABSTRACT
The substitute-sources method (SSM) was previously implemented for a single noise barrier in
a turbulent atmosphere by applying a substitute surface between the barrier and the receiver [1,
2]. Here, the method is extended, aiming to more general applicability to traffic noise
propagation in urban environments. Examples are calculated for a turbulent atmosphere with
upward refraction or without refraction. The results are compared with those from a parabolic
equation method (PE) for the refractive cases and with an analytical solution otherwise. The
results show good agreement, which indicates that the SSM could be useful for predictions of
outdoor sound propagation.

1 INTRODUCTION
A substitute-sources method (SSM) was previously developed to predict the increased noise
level behind a single barrier due to a turbulent atmosphere [1, 2]. The approach presented here
aims to be more generally applicable. Of main interest is the prediction of noise propagation in
urban environments, for instance for city planning purposes. In urban situations the propagation
is expected to be influenced by many things: atmospheric turbulence, height varying sound
speed profiles that may vary also with range, multiply reflecting and diffracting buildings and
barriers, and varying ground properties. Parabolic equation methods (PE) are largely applicable
to such situations [4, 5, 6]. Potentially applicable methods are those based on finite elements
(FEM) or finite differences, boundary element methods (BEM) [7, 8] and fast field programs [9].
The approach with substitute sources presented here enables calculations for steeper
geometries than the PE [2]. A steep geometry is for instance when a high barrier is located
close to the source or to the receiver. The SSM models the propagation outward from the
source, as also the PE does. This means that backscattering is neglected, unless calculated
separately and added (as can be done in the PE [6]).
In the SSM, the sound field due to an original source is represented by a distribution of sources
on a plane surface. The surface is called a substitute surface and the sources are called
substitute sources, which can be seen as Huygens’ secondary sources. Here, many substitute
surfaces are put between the source and the receiver, with separation distances large
compared with the wavelength. (See Figure 1.) The propagation is calculated in steps from one
surface to the next for a non-turbulent atmosphere. The effect of turbulence is that it causes a
loss in coherence of the sound field. Within each step the unperturbed, coherent field loses
power into a residual, random field. The coherent field is further propagated toward the receiver
and at each substitute surface the residual, random part is taken out. The contribution from

different surfaces are uncorrelated, and the total power at the receiver is found by adding the
power from the coherent field to the powers from the residual fields. A special mutual coherence
function for the residual field is used.
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Figure 1. Substitute surfaces Si , with separation distance L .
Since the calculation of the coherent field does not involve turbulence, many methods could be
used. For instance ray-methods would be efficient for a homogeneous atmosphere or a linear
sound speed profile. Here, a fast field program (FFP) is used throughout. The following section
describes the theory and thereafter a few examples are calculated. The examples are for a hard
and a finite impedance ground surface, with or without an upward refracting atmosphere. All
calculations are for two-dimensional situations. A more detailed description of the theory and
implementation is written in Ref. [3].

2 THEORY
2.1 Coherence in a Turbulent Atmosphere
The subject of line-of-sight propagation in a random medium has been studied extensively (e.g.
[10]), and the theoretical results most useful here relate to the correlation between acoustic
pressure signals that have travelled from monopole sources through different parts of the
medium. In Figure (2) a geometry with two sources and two receivers are shown; ρ′ and ρ are
transversal separations and L is the longitudinal distance or range. For the case where the
pressure p1 is only due to source 1 and pressure p 2 is only due to source 2, the mutual
coherence function (MCF) for p1 and p 2 can be written as
Γ12 =

p1 p ∗2 + p1∗ p 2
pˆ1 pˆ ∗2 + pˆ 1∗ pˆ 2

,

(1)

where the complex conjugate is denoted by an asterisk (*), p1 and p 2 are the fluctuating
pressure amplitudes in the turbulent atmosphere and p̂1 and p̂ 2 are the amplitudes without
turbulence (e.g. [11]). In the usual definition of the MCF there is only one source (i.e. coinciding
source positions in Figure 2). This MCF is here referred to as Γ0 ( ρ, L ) , where ρ is the distance
between the receivers and L is the range. The reciprocal problem has the same MCF, i.e.
when there are two sources and one receiver.
The extinction coefficient, γ , is related to the decay over distance of the mean field in a
turbulent atmosphere. If the pressure amplitude due to a point source in free field is p̂ without
turbulence, then the mean amplitude in turbulence will be pc = p = pˆ exp(−γL) , where L is the
distance of propagation [10]. The mean pressure amplitude, p c , is also called the coherent
field. The total field is the sum of the mean field and the residual, fluctuating field, p = p + pr ,
with pr = 0 .

2.2 Coherence of the Residual Field
In Figure (3) a situation is described where only a part,
through turbulence. This case could be formulated as
p tot

2

L′ , of the range of propagation is

= pˆ1 + pˆ 2 + 2 pˆ1 pˆ 2 cos[arg ( pˆ 2 pˆ 1 )] Γ′ ,
2

2

(2)

where Γ′ is the MCF for a turbulent layer with thickness L′ . If ρ′ << L ′ + L , the propagation
distance through the turbulence will be approximately L′ , and then the decrease in power in the
coherent field can be approximated as by the factor exp(−2γL) , using the above definition of the
2
extinction coefficient. (Here, 12 p is referred to as the power.) At the receiver, the contribution
due to the coherent field can then be written as
pc

2

2
2
′
= e− 2γL  pˆ 1 + pˆ 2 + 2 pˆ1 pˆ 2 cos[arg ( pˆ 2 pˆ 1 )] .
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p c , and the residual pressure field,

p r , are uncorrelated,

, and the residual contribution is given by:

(

)

Γ′ − e− 2γL ′ 
2
2
′
= 1 − e −2γL  pˆ1 + pˆ 2 + 2 pˆ 1 pˆ 2 cos[arg ( pˆ 2 pˆ1 )]
.

1 − e− 2γL′ 


(4)

~

From the above equation a MCF for the residual field, Γ , can be generally defined as
~ Γ0 − e −2γL
Γ=
.
1 − e− 2γL

(5)

The equations (3–5) can be seen as describing the transfer of the coherent field into a random
field and how the contribution from the random field is calculated.
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2.3 Numerical Model
In the SSM the sound field is represented by a distribution of sources on each substitute
surface. For each step, from one substitute surface to the next, the power of the coherent field
is reduced by the factor exp(−2γL) , and the fraction of the power [1 − exp(−2γL)] is transferred to
the residual field. The residual contributions from all but the last surface are calculated using the
~
MCF Γ for all source pairs. The last surface contributes with the remaining coherent field.
To describe the turbulence, a homogeneous and isotropic turbulence is assumed, that is, the
fluctuations are assumed to follow the same statistics for all points and the statistics are

independent of rotation. In the Gaussian turbulence model the medium fluctuations are
described by a Gaussian spectrum. All the above assumptions simplify the turbulence modelling
but this may be improved in future implementations of the SSM. For the Gaussian turbulence
model the mutual coherence function for plane waves can be written

(

[

(

Γpl ( ρ, L) = exp − 2γL 1 − exp − ρ2 l2

)]),

(6)

where l is the correlation length of the fluctuations and γ = πk 2lµ02 / 2 , where µ02 is the
variance of the index of refraction fluctuations [12, 10]. In the calculations with the SSM
presented here, only the plane wave MCF is used. The motivation is that between one
substitute surface and the next, most pairs of rays toward the receiver can be approximated as
~
parallel. The MCF for the residual field is then calculated as Γ = [Γpl − e −2γL ]/[1 − e− 2γL ] .

3 RESULTS
A few examples are calculated to study the behaviour of the SSM, involving upward refraction
and no refraction for a hard or a soft, grass-like ground surface. The Green functions without
turbulence are calculated using a fast field program (FFP) implemented according to Salomons
[13]. In the FFP the sound field is transformed into a wave number domain, which is used to
efficiently calculate the velocities. In order to separate the direct and the ground reflected
waves, the FFP calculations are made both with and without a ground surface. Subtracting the
two results gives the ground reflected wave and the calculation without the ground gives the
direct wave. Concerning computational demands, the SSM and the PE are fairly similar. In the
SSM the computation time is dominated by the FFP calculations, i.e. by calculating the coherent
velocity field.
For the cases with upward refraction, a logarithmic effective sound speed profile is used up to
30 m height. Above that height the sound speed is taken as constant to improve the numerical
stability of the FFP. The logarithmic sound speed profile is c ( y ) = c0 − b ln( y / yrough + 1) , with
b = 0.43 m/s and the roughness height yrough = 0.05 m [13]. For the turbulence the correlation
-6
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length l = 1 m and the variance of the index of refraction µ02 = 2 ⋅ 10 or 5⋅ 10 are used. The
larger value for µ02 models a strong turbulence and is chosen for the examples without
refraction to give a strong turbulence effect at relatively short propagation range.
For upward refraction a shadow region is formed and, in general, a ray model will not work. In
the SSM, however, the approach is different since the field due to the original source is
substituted by a surface of sources. The sources at large enough height will be above the
limiting ray of the shadow region and will thereby have direct rays to the receiver. Hence, it is
assumed that the dominating contribution comes from the substitute sources that are above the
limiting ray to the receiver.
The discretisation in height in the SSM, i.e. the distance between the discrete substitute sources
is λ / 5 for the non-refractive cases and λ /10 for the cases with upward refraction, where λ is
the sound wavelength. These values were found from numerical tests without including the
turbulence effects. The height used for the substitute surfaces is about half the maximum
propagation range, and the top third is windowed to give a smooth decay with height of the
source strengths. The windowing is used to reduce spurious oscillations in the solution [1]. The
separation in range between the substitute surfaces, L , is 10 m in all examples, and the results
are calculated every 5 meters. The calculations for the soft ground uses a normalised ground
impedance of 3.71+ j3.68 at the frequency f = 500 Hz. This value is for a grass-like surface
4
and comes from the Delany and Bazely model using a flow resistivity of 200 kNs/m .
The calculated results are shown in Figures (4–7). Figures (4) and (5) are for a non-refractive
atmosphere, for hard and soft ground. Figures (6) and (7) are for upward refraction, for hard and
soft ground. All results shown here are for the frequency f = 500 Hz. (Other data are given in

the Figure captions.) The results are plotted as sound pressure level relative to free field as a
function of propagation range from the source.

Figure 4. Result for hard ground,
-5
µ02 = 5 ⋅ 10 , h S = 2 m (source height),
h R = 4 m (receiver height).

Figure 5. Result for soft ground,
-5
µ02 = 5 ⋅ 10 , h S = 2 m, h R = 4 m.

Figure 6. Result for hard ground and upward
-6
refraction, µ02 = 2 ⋅ 10 , h S = 2 m, h R = 2 m.

Figure 7. Result for soft ground and upward
-6
refraction, µ02 = 2 ⋅ 10 , h S = 2 m, h R = 2 m.

For the calculations without refraction (Figures 4 and 5) the two thicker curves show the results
for a turbulent atmosphere. The solid line is for the SSM and the dashed line is the analytical
solution using the MCF for the direct and ground reflected rays from the source to the receiver.
The two thinner curves are for no turbulence; the dashed line for the FFP directly and the solid
line for the SSM without turbulence, i.e. where all power is calculated from the last substitute
surface without decorrelation. (These two curves are almost indistinguishable in the Figures.) In
the examples with upward refraction (Figures 6 and 7), a comparison is made with a parabolic
equation method (PE). In the PE calculations 50 realisations of the turbulence are used to
estimate the power at the receiver. The dash-dotted curves show the PE results, with and
without turbulence.
For an atmosphere without refraction, the effect of turbulence is mainly that is reduces the
interference, as can be seen in Figures (4) and (5). The SSM result for hard ground shows good
agreement with the analytical, whereas for the soft ground (Figure 5) there is a significant
discrepancy. To provide an additional comparison, the PE method is applied also to this case,
and the results are shown in the same figure. The PE results are similar to those from the SSM,
which indicates that the analytical solution may give a significant error in this case. A possible
explanation is that the turbulence scattering results in a larger loss into the ground than what is
given by the ray model. For upward refraction the main effect of the turbulence is that is limits
the acoustic shadow, as can be seen in Figures (6) and (7). The results from the SSM are
shown to agree well with the PE results.

4 CONCLUSIONS
The good agreement shown in the comparison with the other methods indicate that the
extended substitute-sources method presented here could be a useful tool for predictions of
outdoor sound propagation. The approach also enables application to steep geometries, as
shown in a previous implementation for a single barrier [2]. In future work, range dependent
properties of the atmosphere and the ground could be taken into account. For example, with
small changes in the method, a ground impedance that is step-wise constant over range could
be modelled.
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